Introduction
Pricing irregular interest cash flows such as Libor-in-arrears or CMS requires a convexity correction on the corresponding forward rate. This convexity correction involves the volatility of the underlying rate as traded in the cap/floor or swaption market. In the same spirit, an option on an irregular rate, such as an in-arrears cap or a CMS cap, is often valued by applying a Black & Scholes model with a convexity adjusted forward rate and a convexity adjusted volatility, see e.g. [1] , [3] , [5] , [6] . However, to a large extent, this approach ignores the volatility smile, which is quite pronounced in the cap/floor market. This note solves this problem by replicating the irregular interest flow or option with liquidly traded options with different strikes. This approach is well-known among practitioners for pricing CMS caps. There is a certain overlap of the present paper with a recent paper by Hagan, [4] . However, we approach the problem from a different and more generic point of view and apply the result to various examples related to interest rates.
We illustrate the approach by numerical examples based on market data for the volatility smile in the interest rate derivatives market. Comparing the results of the "smile convexity" with the results from a more simplistic approach based solely on adjusted forward rates (which is still frequently used in practice) we show that the smile effect on the convexity is by no means just an additional tiny quantity and cannot be ignored in practice.
Another important consequence of the replication approach is that one obtains immediately the respective simultaneous delta and vega hedges in terms of liquidly traded options.
Setup of the problem
Consider a financial underlying with price Y > 0 at time T . Suppose there is a liquid market for plain vanilla options on this underlying with all possible strikes K. Somewhat more general, we suppose that for all K ≥ 0 the price P (K) today of the "plain vanilla" derivative with payoff g(Y ) max(Y − K, 0) at time T is known. Here g is a certain function with g(y) > 0 whose role will become clear in the examples below. In the simplest case g ≡ 1 and the liquidly traded options are just calls on the underlying Y .
Our goal is to price an exotic contingent claim with payoff
at time T , where f : (0, ∞) → (−∞, ∞).
The idea is to replicate the exotic payoff f (Y ) by a portfolio of traded derivatives g(Y ) max(Y − K, 0) with different strikes K. If this is possible, then the replication is the key to incorporating the volatility smile of the liquid options into the pricing of the exotic derivative.
So we are looking for a representation
with some locally finite signed measure µ on [0, ∞) and some constant C. If such a representation exists, then by no-arbitrage the fair price P (f (Y )) of the contingent claim f (Y ) is given by
where B(0, T ) denotes the price of a zero bond with maturity T , and provided the integral on the right hand side is well-defined.
Remark. The importance of the formula (2) goes beyond the issue of just pricing a derivative with payoff f (Y ), since, at the same time, it provides us with an explicit strategy for a simultaneous delta and vega hedge of the derivative f (Y ) in terms of liquidly traded products g(Y ) max(Y − K, 0). In practice one would discretize the integral appropriately to get an (approximate) hedging strategy in a finite set of products g(Y ) max(Y − K i , 0) with different strikes K i , i = 1, . . .
Target applications related to irregular interest rate derivatives
The examples that we have in mind and that we are trying to approach with the above idea are irregular interest rate cash flows or options on such rates. We denote by B(t, T ) the price at time t of a zero bond with maturity T .
Example 1:
Let Y = L(T 1 , T 2 ) be the money market rate (Libor) for the interest period
with period length ∆ according to the given day count convention. In the interest derivatives market, caplets, i.e., call options on this underlying with payoff ∆ max(L(T 1 , T 2 ) − K, 0), are quite liquid for (more or less) any strike rate K. By default, the caplet pays in arrears, i.e., at time T 2 . If we are looking for an "exotic" derivative such as, for example, Libor-in-arrears, which is the payment of
we have to take care of convexity effects caused by the fact that the payment occurs at the non-standard point in time T 1 . These effects are well-known and there exist valuation formulae that yield exact or sufficiently precise results in the framework of the standard lognormal interest rate model, see e.g. [3] , [1] , [6] . However these approaches do not take into account the volatility smile in the cap market.
The standard caplet paying at time T 2 is equivalent to a product that pays the amount
at time T 1 . So the market gives us prices for the time
where g(y) = ∆ 1 + ∆y for any strike K. Our goal is to price an "exotic" payoff
at time T 1 , where, for example, f (y) = ∆ y in case of a Libor-in-arrears, or, f (y) = ∆ max(y −K, 0) in the case of an in-arrears caplet.
Assuming a linear Libor rate model as in [1] , Section 3.1, we can even handle the somewhat more general case of the payment of f (L(T 1 , T 2 )) at some arbitrary time p ≥ T 1 . In the linear rate model it is assumed that
where
and where the forward rate L 0 (T 1 , T 2 ) is given by
In case of p = T 1 we get β p = ∆ and the assumption of the linear rate model is no restriction in this case. Then, under the assumption of the linear rate model the payment of f (L(T 1 , T 2 )) at time p is equivalent to the payment of
at time
The next two examples are related to interest rate derivatives whose payoff is linked to a swap rate, so-called CMS 1 products.
Let Y = C(T 0 , T n ) denote the fair swap rate at time T 0 for a swap with reference dates
, with ∆ i denoting the length of the interval
A swaption is an option to enter at time T 0 into a swap with given fixed rate K. The payoff of a cash-settled payer swaption at time
For a physically-settled payer swaption the payoff at time
The sum in front of the max in both payoffs (5), (6) is the so-called present (or dollar) value of one basis point factor, DV01. For a cash-settled swaption, by convention, this present value factor is calculated as if the yield curve was flat. Swaptions are quite liquid for "all" strikes. The market does not make a significant difference in pricing a cash-or physically-settled swaption, and both are priced under a lognormal Black model.
Example 2:
The payoff of a cash-settled swaption is again of the form g(C(T 0 , T n )) max(C(T 0 , T n ) − K, 0) where
The exotic payoffs f (C(T 0 , T n )) of interest are, for example, the payment of
paid at time T 0 . This is like a cash flow in a CMS swap, but paid in advance.
Another example of interest is a CMS caplet,
to be paid at time T 0 . In case the payoff is scheduled for time p ≥ T 0 , we can approximately think of a derivative with payoff
Example 3:
This example is closely related to Example 2 but gives a more general result under the additional assumption of a linear swap rate model as investigated in [5] , [6] , [1] . Also the replication argument is no longer based on cash-settled swaptions but on physically-settled swaptions. The market prices swaptions based on a lognormal model for the swap rate C(T 0 , T n ) under the so-called swap measure Q Swap , which is the equivalent martingale measure referring to the numeraire
The payoff of a standard swaption at time
and its price is given by
An exotic derivative paying f (C(T 0 , T n )) at some time p ≥ T 0 is equivalent to a product that pays B(T 0 , p)f (C(T 0 , T n )) at time T 0 . Under the assumption of a linear swap rate model (see e.g. [5] , [1] , Section 3.2) we have
and the price of f (C(T 0 , T n )) to be paid at time p is given by
Here α and β are defined by
with forward swap rate C 0 (T 0 , T n ) given by
In view of equations (12) and (13), in our replication approach we are therefore looking for a representation (1) of the form
4 The result 
= 0, is a difference of convex functions on [0, ∞). The measure µ is then generated by the following right continuous generalized distribution function (function of locally bounded variation)
with D + denoting the right hand derivative and defining
Proof. We identify the signed measure µ with its generalized right continuous distribution function, µ(0−) = 0. Integrating by parts the representation (1) is equivalent to
The assertion now follows.
Remark. It is well known that from a universe of prices of call options 2 ,
for all strikes K > 0 one can extract the implied risk-neutral distribution
of the underlying asset Y at maturity by taking the derivative of the call prices w.r.t. the strike,
see e.g. [2] . Then, by no-arbitrage the price of any hedgeable contingent claim can be calculated as the expectation w.r.t. this distribution. In particular, for a derivative with payoff f (Y ) the price is
We will now analyze how this well-known result relates to our replication idea. Assume that the payoff function f is a difference of convex functions,
where µ is a function of locally bounded variation on [0, ∞). Then under appropriate integrability conditions on f by applying integration by parts twice one gets
clarifying the link between the two approaches.
Application to the examples
Let us apply the above result to our examples. As we shall see in these examples the measure µ normally possesses a jump and the constant C often vanishes.
Example 1:
We investigate the general case of a payoff f (L(T 1 , T 2 )) at time p ≥ T 1 and assume a linear rate model, which is no restriction in case that p = T 1 . For the Libor payoff f (L(T 1 , T 2 )) = ∆L(T 1 , T 2 ) paid at some arbitrary time p ≥ T 1 as in (4) the generalized distribution function µ, which gives us the replication of the price in terms of caplet prices, is obtained from
with β p given by (3). This yields the following formula for the price of a Libor expressed in terms of caplet prices P (K) with different strikes K,
and the resulting pricing equation is
Remark. In case the cap market quotes no smile, the Libor L(T 1 , T 2 ) follows a standard Black model with volatility σ under the time T 2 -forward measure, i.e.,
with some Wiener process W . In this case, interchanging the order of the dK integral with the expectation that leads to the prices P (K) in formula (18), the result reduces to the well-known convexity adjustment formula for Libor-in-arrears,
see, e.g. [1] , Formula (14). The expression after the discount factor B(0, T 1 ) on the right hand side of (20) is the so-called convexity adjusted forward Libor.
Example 2:
Let us start with the payment of a swap rate C(T 0 , T n ) at time p ≥ T 0 , see (10). In this case
,
The generalized distribution function µ is then
In view of dµ(0) =
we obtain the valuation formula
For the exotic option with payoff given by Equation (11) consisting of a call option on the swap rate C(T 0 , T n ), which pays off at time p ≥ T 0 , the replication by plain-vanilla swaptions is derived as
if y ≥K, and we end up with the valuation formula
Here DV01(y) is again defined by (21). Formula (23) is widely used by sophisticated practitioners to value CMS caps.
Example 3:
First consider a CMS rate C(T 0 , T n ) to be paid at some date p ≥ T 0 . We assume now a linear swap rate model. In this case, in view of (17) the distribution function µ is given by µ(y) = α + 2β p y, y ≥ 0, with α and β p given by (14) and (15), respectively. The pricing equation is therefore
For a CMS caplet max(C(T 0 , T n ) −K, 0) paid at time p ≥ T 0 the distribution µ is
and we end up with the valuation formula
Numerical examples
In this section we illustrate the smile effect on the convexity by some numerical examples. 
Libor-in-arrears swaps and in-arrears caps
We investigate Libor-in-arrears swaps and in-arrears caps as discussed in Example 1 above. The cap market quotes prices in terms of an implied flat 3 volatility for all strike levels. As is standard in practice from these flat volatilities one can extract the implied volatilities for each individual caplet and each strike level. Here is the caplet volatility surface as of November 1, 2005 which is the primary input for obtaining the price P (K) of an individual caplet with strike K: caplet start/strike Now applying 4 the replication formulae (18), (19) to a Libor-in-arrears swap or an in-arrears cap the questions arises what would be a reasonable benchmark for comparing the results? We compare the results from our replication with the results of a somewhat naive but quite popular approach in practice. There, one uses just a convexity adjusted forward rate to take care of the in-arrears effect. The convexity adjusted forward rate is calculated as in (20) with σ set to the at-the-money volatility. For an in-arrears caplet then, in addition to the adjusted forward rate, the volatility for the caplet is taken from the smile according to the strike rate of the caplet. Of course, from the modeling point of view this seems to be a rather inconsistent way of taking care of the in-arrears and the smile effect simultaneously. In the table below the corresponding results are labeled "adj Fwd". A second benchmark is based on a convexity adjusted forward as above, but the original volatility σ for the respective strike is also adjusted for the in-arrears effect to a new volatility σ * by the formula Overall, the results are quite close and the two naive approaches (adjusted forward rates without and with additional adjusted volatilities) yield results whose differences to the correct one from replication are negligible in practice. In general the results from adjusted forwards and adjusted volatilities are somewhat closer to the correct ones.
These are good news for practitioners indicating that naive approaches are fairly sufficient for in-arrears caps and swaps.
Constant maturity swaps and CMS caps
In this section we investigate CMS swaps and CMS caps as discussed in Examples 2 and 3 above. The swaption market quotes at-the-money implied volatilities for a variety of swaption maturities and tenors for the underlying swap. Our numerical examples are based on the following at-the-money swaption volatilities as of November 1, 2005. The swaption smile is rarely quoted on publicly available data sources. Our analysis below is based on a swaption smile surface that is constructed by adding certain volatility shifts to the quoted at the money volatility. The shift to apply depends on the respective strike offset relative to the corresponding at-the-money strike rate. The smile table below refers to options to enter into a 10Y swap. To give an example on how to understand the smile table consider a 2Y into 10Y swaption struck at 150% of the at-the money rate. The volatility for this swaption is then the 2Y into 10Y at-the-money volatility of 16.60% plus 0.16%. Now, applying 6 the replication formulae (23), (25) to a CMS cap we compare the results again to the results from naive approaches based on convexity adjusted forward CMS rates and adjusted volatilities. Of course, the volatility for the cap strike is always taken by interpolation from the swaption volatility surface. The convexity adjusted forward swap rate is calculated from the forward swap rate C 0 (T 0 , T n ) (cf. (16)) by
using the at-the-money volatility σ atm , cf. [1] , formula (28) . Below the results of this approach are labeled "adj Fwd". Results labeled as "adj Fwd & Vol" refer to the situation where, in addition to the adjustment of the forward rate, also the volatility σ for the respective strike is adjusted for the CMS effect to a new volatility σ * calculated by (see [1] , Section 4.1)
where α, β p are defined in (14), (15) . Here are the results for a 10 years CMS cap with semi-annual periods for different strikes. The tenor of the CMS rate is 10Y. The first row shows the sum of all caplets with individual caplet prices in the rows below. The case of strikeK = 0% corresponds to the floating leg of a CMS swap. For all strikesK we see significant differences between the prices obtained from replication compared to the prices from naive adjustment approaches. In case of a CMS swap (i.e.,K = 0%), the effect from the swaption smile leads to a difference of about 2.8 basis points in case of replication (25) or 3.4 basis points for a replication based on (23) in the fair fixed rate relative to the naive valuation. Clearly, this cannot be ignored 7 .
The naive approaches, although taking into account the smile by taking the caplet volatility from the swaption smile, show a significant mispricing relative to the correct valuations based on the replication (23), (25) . Observe that the results are sensitive to the significance of the swaption smile.
Comparing the results of the two replication approaches (23), (25), it turns out that the replication based on the idea of cash-settled swaptions consistently leads to slightly higher CMS caplet prices. It is not clear which approach is superior, since both rely on assumptions that are hard to compare and value against each other.
The following figure shows the weights that the signed measure µ assigns to swaptions with different strikes during the replication of a CMS caplet 5,5% 6,5% 7,5% 8,5% 9,5% 10,5% 11,5% 12,5% 13,5% 14,5% 15,5% 16,5% 17,5% 18,5% 19,5% 20,5% strike weight Formula (23) Formula (25) 7 There is a recent discussion between market participants about differences in the valuation of CMS swaps between the results of standard (naive) convexity adjustment valuations and quotes by brokers. It seems that these differences can be attributed to the swaption smile.
8 This is the caplet starting in 9.5 years on a 10Y CMS rate. The replication integral was discretized in 1% steps.
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We have shown how to evaluate quite popular exotic interest rate derivatives such as Libor-in-arrears caps or CMS caps incorporating the volatility smile present in the cap and swaption market. It turns out that the volatility smile has a significant impact, which, in particular, cannot be ignored when pricing CMS swaps or caps. For Libor-in-arrears derivatives, the smile effect is already relatively accurately captured by naive approaches based on convexity adjustments.
